(ii) an induced projective structure on a submanifold is not uniquely determined. In fact, it depends upon a choice of normal frame field.
The first order deformation problem becomes trivial (Theorem 4.4) reflecting the fact that a projective structure is a G-structure of degree two.
We now explain the organization of our paper. The principal tools to be used are the notions of Pfaffian systems and their prolongations. In §1 the notion of prolongation is defined and applying the technique inductively an upper bound for the number of successive prolongations required to obtain singular integrals of the system is computed. This section constitutes a general method for attacking over-determined Pfaffian systems in two independent variables.
In §2 we discuss moving frames on submanifolds of RP". In particular, the construction of Frenet frames on surfaces in RP 3 are given. In §3 we give a brief exposition on the general theory of induced projective structures and their equivalences.
In §4 we derive exterior systems describing projective deformations of submanifolds in RP". The system describing first order deformations is seen to be involutive and the system describing second order deformations is seen to be over-determined in general.
In §5 we consider surfaces in RP 3 . We show that for generic surfaces the exterior system describing second order deformations is over-determined. Applying the technique of prolongation it is shown that second order deformations take the Frenet frames to the Frenet frames: This gives the theorem that the second order deformation implies the equivalence of induced projective structures with respect to the Frenet frames. The converse implication is also proven. We complete the process of successive prolongations arriving at the integrability condition of E. Cartan (see [2] , p. 288). This solves the problem of determining when non-trivial second order deformations exist: It also gives an upper bound on the dimension of the parameter space of the surface that are second order deformations of a given surface.
We shall work within the category of smooth maps and objects, except where we apply the Cartan-Kahler theorem and draw positive conclusions in which case we must assume real analyticity. Such assumptions will be explicitly made.
Finally, we acknowledge a great debt to E. Cartan's work. In particular, this paper grew out of an attempt to understand his paper [2] . The author is also grateful to Gary Jensen for several helpful discussions on E. Cartan's work and (/-deformation problems in general. where we assume that 1-forms (θ a ) are linearly independent.
'o
Fix a /7-dimensional submanifold S o -> M. We introduce the following index convention which will be used in this section:
1 < ij,k, -< p, 1 < α,β,γ, <s, 1 < a,b, c, < m -(p + s) . -) = 0 may be empty. We then say that the system Σ is incompatible. We also note that if Σ is in normal form then equations (1.3) and (1.4) define a system of inhomogeneous linear equations, and hence the variety in question is irreducible.
We now define the prolongation of Σ. 2) , where
Here, and elsewhere, we write θ a in place of π*θ a , where π:
Restricting to the variety V a G p (M) defined by Σ /(0) we obtain a Pfaffian system on V 9 which we denote by Σ'. Observe that Σ r is always in normal form.
We now consider the case of s equations in (s -l)-unknowns ("slightly over-determined system") with two independent variables.
Let M be a {2s + l)-dimensional manifold. On M we are given the Pfaffian system (1.5) Σ: (0" = O,α = l,2,...,*}.
, ω a , θ a ) form a coframe field. We will be interested in integral surfaces on which ω 1 Λ ω 2 Φ 0. Note that our index convention becomes 1 < /, j < 2, 1 < α, b < s -1, 1 < α, β <s.
Assuming that Σ is in normal form we write down dΣ, modulo Σ as usual,
We now think of (A a ai ) as an s by 2(s -1) matrix (A%) by setting A = (ι -1)(5 -1) + a. We assume that the rank of (A%) is maximal, i.e., equal to s. (If not, then further assuming that the system does not possess any "characteristic" (i.e., trivial) solutions, it can be shown that the system becomes involutive possibly with compatibility conditions.) Suffice it to say that then the system is not involutive.
We prolong the system. Keeping earlier notations we obtain: Σ /(0). {^ = 0,^ = 0}, where (1.7) /r« = /« = (), 2. Higher order moving frames. We construct higher order moving frames on submanifolds of RP W . For a description of the general theory dealing with the problems of higher order contacts and frames of submanifolds of homogeneous spaces we refer to [5] .
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For the rest of the paper we adhere to the following index convention: 1 < α,j8,γ, < n,
RP" is the real projective space of dimension n which we think of as lines in R Λ+1 . PGL(« + l R), the group of projective transformations of RP", is GL(« -f l R) modulo its center. Letting the x-axis to be the origin of RP", RP" is realized as a homogeneous space PGL(w + 1; R)/G o , where G o is the isotropy subgroup at the origin.
If (*a Was* G GL (n + 1; R) with X o° Φ 0, then set a" = X«/X» 9 a β
as a local coordinate system in the neighborhood of the identity of PGL(« + 1; R) defined by X o° φ 0. Then 
We call a section w: 5 -> L o a zeroth order moving frame field along/. We see that a zeroth order moving frame field gives a local representation of the derivative map,
Hence u 0 normalizes df in the sense that
where (φ' = w*Ω') form a coframe field on S. L λ is a G^principal bundle over S and any section u: S -> L τ is called a first order moving frame field along/. We emphasize that any first order moving frame field along /normalizes ^in the sense of (2.2).
On L l9 Ω α = 0 for p 4-1 < a < n. Differentiating both sides of the equation and using the structure equations we obtain Ωf Λ Ω' = 0. By Cartan's lemma, it follows that Assuming that / is of constant orbit type, we call the first orbit type degenerate type, and the rest are called parabolic type, elliptic type, and hyperbolic type, respectively.
We give a description of the bundle of second order moving frames, denoted by L 2 , as follows.
Given a first order moving frame field u: S ~> L γ we write w*Ω 3 = x ik u*Q k (x ik = x ki functions on S) as before. Let 6^2 denote the vector space of all real 2x2 symmetric matrices. We define Φ: L x -> 5f 2 by the following commutative diagram. 
The proof is computational. (See Theorem (2.11) of [8] .)
We now restrict our attention to the hyperbolic type surfaces. The analyses of other types are completely similar using the theory of moving frames. However the hyperbolic type surfaces admit perhaps simpler geometric inteφretations due to the existence of asymptotic coordinates. Note that the hyperbolic type surfaces are "negatively curved".
From ( We also let Jt' 2 = span{£ 6 , E Ί , £ 8 }. Then we have a vector space direct sum decomposition ^x = ^2 Θ Ji 2 , where ^2 is the Lie algebra of G 2 . Thê # 2 -component of Ω is given by
Computing the action of G 2 on Jί 2 we discover that there are four orbit types at the next stage. We list them below.
(2.9) Type Ilia (degenerate type): Ω? -Ω^ = Ω{ + Q\ -Ω^ = 0 on L 3 .
The first three orbit types represent ruled surfaces. We restrict ourselves to the generic type Hid. L 3 is then an integral submanifold of the exterior differential system {Ωj + Ωf -Ωf = 0, Ώ\ = Ω 2 , ίlf = Ω Computations show that there is a single orbit type at the next stage and that the action of G 3 on^3 allows us to make Ω x -Ω 2 = Ω 2 -Ω 3 = 0. The isotropy group G 4 is the identity. 3. Induced projective structures. In this section we give a brief description of induced projective structures on submanifolds of RP". For details and proofs pertaining to this section readers should consult sections three and four of [8] .
In contrast to the case of Riemannian geometry, given a submanifold in RP" there are in general not one but many distinct induced projective structures on it. Roughly speaking, a choice of normal framing dtermines an induced structure.
Let /: S p -> RP" be a ^-dimensional submanifold given locally as a graph (x*) -> {x\ f a {x)) as in §2. Recall that the bundle of first order moving frames of /is L λ = {u 0 G 1 }. (See 2.1.)
Let H be the subgroup of G λ given by
Also, let N be the normal subgroup of G x given by
Then G λ = H N, a semi-direct product. And we identify G λ /N with //. Observe that i/ is isomoφhic to the projective isotropy group. Consider the quotient space L λ /N. Because N is a normal subgroup of G v it follows from the general theory of principal bundles that L λ /N -> S is a principal G^/iV = // bundle. Furthermore, since H is isomorphic to the projective isotropy group of RP 77 , this bundle L x /N -» 5 is a candidate for defining a projective structure on 5, provided that there is some natural way to imbed the bundle L λ /N -> S into Q(S) -> 5, where 2(5) is the principal bundle of quadratic frames over RP". (I.e., the bundle of two-jets of local diffeomorphisms (R^, 0) -> S.)
We have the following proposition from [8] .
DEFORMATION OF SUBMANIFOLDS

PROPOSITION 3.1. Any map η: S -* N determines a natural bundle map section i η : L x /N -> L v
Roughly speaking, a map η: S -> N corresponds to a normal frame field along S.
The following commutative diagram defines
The Maurer-Cartan form plays a crucial role. For details of the properties of Q{M) and Θ, we refer to [7, Chapter VI, §5] . The next proposition states that an induced projective structure is indeed a projective structure. See [8] for a proof, and for the definition of projective structure. PROPOSITION 
There is a naturally defined bundle imbedding Φ η : + Q(S)sothat
1
U where ®Q(S) /5 ^e canonical form of Q(S).
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The following lemma is technically important, (and is proved in [8] ). LEMMA 
Any first order moving frame field u: S -> L x can be written as u = / ° qfor some η: S -> N and a section q: S -> L λ /N.
Let/, /: S p -> RP" be two submanifolds and η, η: S -> TV be maps as before. DEFINITION 3.6 . We say that / and / are (projectively) equivalent to each other with respect to the pair (η, η) if the projective structures (L x /N 9 I η ) and (L x /N, 1^) are equivalent (as abstract projective structures, again see [8] for more details on equivalence). In view of the discussion in this section we can ask several different questions regarding the equivalence of induced projective structures depending on the amount of restrictions placed upon projective frames. One of these questions, where there are no restrictions on projective frames, is dealt with in [8] . However, as we shall see, the notion of projective deformations considered by E. Cartan places a severe limitation upon the choice of projective frames.
Projective deformations of submanifolds of RP".
In this section we derive exterior differential systems describing projective deformations and draw some general conclusions.
Let/, /: 5, S -> RP" be two/^-dimensional submanifolds of RP". Since rth order deformation implies rth order contact, for sufficiently large r, rth order deformation problems admit only congruent solutions. In fact, if induced structures under consideration are (/-structures of degree one then non-trivial first order deformations are already rare. (A somewhat incidental remark is that the notion of first order deformation is in general more "rigid" than the notion of equivalence of induced G-structres of degree one.)
However, in our case we have G-structures of degree two. That is to say, projective structures are naturally subbundles of the quadratic bundle. This will be reflected in Theorem 4.4.
Let /, /: S, S -> RP" be /?-dimensional submanifolds of RP" and let L o and L x (respectively L o and L λ ) denote the bundles of zeroth and first order moving frames on/(respectively on/). Some computations, using Proposition 2 of §4 in [6] , give the following theorems. 
KICHOON YANG
REMARK. In the above, one can replace ΰ by ΰ ° F 9 and thus dispense with F and S.
COROLLARY. If first order frames u and ΰ along f and /, respectively, satisfy (4.1), then they also satisfy (4.2) ω» = <.
Proof. This will follow from the calculations leading up to (4.8) . D
We now prove: The system is in normal form and applying Cartan's involutivity criterion the system is seen to be involutive.
The rest of the proof follows easily using Theorem 4.2. D
We now ask the question: Given/: S -> RP" do there exist non-trivial second order deformations of it?
We consider the exterior differential system on L λ X PGL(π + 1; R) with specified independent variables ω Suppose we have a/?-dimensional solution
of the system Σ in (4.1). Then / defined by / = π <> ΰ is a second order deformation of/by Theorem 4.3.
PGL(rc + l R) 5 -> RP" / Moreover, it is easy to see that if F: S -» S is a diffeomorphism then / o F" 1 : 5 -* RP Λ is also a second order deformation of/. We close the system Σ and write the quadratic equations modulo the system.
The above system is not in normal form and the general analysis is complicated. Suffice it to say that the system is over-determined and the prolongation of the system is difficult. Instead of the system (4.3) we consider a new system by imposing a genericity condition on solutions and by abusing the notation we call it Σ once again. ", ωj = Ωj, ωj = Ω;, Ω" = 0,
The system is on L λ X PGL(« + l R) and has designated independent variables ω\ ω 2 ,... 9 ω p . We compute the quadratic equations of the system, modulo the system as usual, and obtain
The above system is in homogeneous normal form with unknowns (ωί-Ωί), (ω,-Ω,) and (ω« -β«).
Write Π^ = ω;-Ωi, Π y = ω,.-Ω y , Π« = «« -Ω£. We assume that rank Λ, Λ > 2. Note that this corresponds to either elliptic or hyperbolic type surfaces in RP 3 . By Cartan's lemma it follows that Π" = 0. We now have a partially prolonged system given by (4.8) {ω' = Ω\ ωj = Ωj, «; = Ω;, Ω» = 0, ω" n = Ω n ", (4.9) The system is once again over-determined.
Surfaces in RP
3 . Having the remark at the end of §3 in mind we make the following definition. The following lemma is merely a reformulation of the above definition. LEMMA 
Keeping the same notation as in the above definition, f and f are projectively equivalent with respect to the pair (u, u) if and only if
We now make a detailed study of second order deformations of surfaces in RP 3 . To do so, we recall earlier notations from §4 and restrict ourselves to hyperbolic type surfaces in RP 3 . (Sop = 2 and n = 3.)
The system (4.8) becomes
The system is on L x X PGL(4; R) with specified independent variables ω 1 and ω 2 . Observe that from the computations we made in §2 (see (2.9) ) it follows that the solutions / = π ° ΰ of the above system have the same third order type as /. In other words, if we assume that / has constant third order type Hid (the generic type), then any second order projective deformation of / is also of generic type. Thus assuming / to be of generic type, without loss of generality we restrict our system to L 3 X PGL(4; R). We take the generic type Hid.
We write down the quadratic equations of Σ.
and Π 4 = 2(ω 2 -Ω 2 ), we rewrite (5.2).
We have five equations and four unknowns and the system is overdetermined. According to the general theory the system requires at the most four successive prolongations.
We prolong the system by setting IF = ljω j \ where 1 < a < 4. Substituting into (5. 
It follows that ω 3 -Ω 3 = /^co 1 + l*ω 2 . The system is now on L 3 X PGL(4; R) X R 2 .
Recalling the computations we made in §2 (see (2.11)) we see that the solutions / = π ° ΰ of the above system are of the same fourth order type as /. We restrict the system to L 4 X PGL(4; R) X R 2 . The isotropy subgroup G 4 is trivial and the Frenet frame field u: S -» L 4 defines a unique map 77: S -> N < G v Similarly if ΰ: S -> PGL(4; R) gives rise to a solution / then ΰ actually is the Frenet frame field along / and it defines a unique map ϊ): S -* N < G v Let u = i η° q and ΰ = i^ ° q be the decompositions given by Lemma 3.5.
DEFORMATION OF SUBMANIFOLDS
We then have the following commutative diagram. Then ύ: ΰK is also a third order frame field along/. A direct calculation shows that (w, u) satisfy (4.1), (4.2) and (*) with t = 0. Of course, in our case ω\ = ω 2 and ω 2 = ω λ as u is the Frenet frame. Consequently ύ is the Frenet frame along /. Then by Lemma 5.2, / and / are projectively equivalent with respect to the pair of Frenet frames (w, u) . To prove the converse, we assume that/and/are projectively equivalent with respect to the pair (w, ΰ) where once again u, ΰ denote the Frenet frames along/and /respectively. Then we have Now u, u are the Frenet frames. Thus Here, the author is thankful to the referee for suggesting a revision of the proof of Theorem 5.3 which made the proof more readable.
We continue our analysis of the system (5.7). We compute the quadratic equations, modulo the system as usual, and obtain We have three equations and two unknowns dll an^ dl\. The system is over-determined. We prolong the system by adding equations We have two equations and 1 unknown dl. We prolong the system by throwing in the equation Settling the actual existence question of the above two parameter family of solutions would require a considerable amount of computations yet. A possible line of attack would be to set up an exterior system anew describing the system of differential equations coming from the compatibility condition.
